Many models of slow, dense granular flows [1] [2] [3] [4] [5] assume that the internal stresses are independent of the shearing rate. In contrast, logarithmic rate dependence is found in solid-on-solid friction [6] [7] [8] , geological settings [9] [10] [11] and elsewhere [12] [13] [14] [15] . Here we investigate the rate dependence of stress in a slowly sheared two-dimensional system of photoelastic disks, in which we are able to determine forces on the granular scale. We find that the mean (timeaveraged) stress displays a logarithmic dependence on the shear rate for plastic (irreversible) deformations. However, there is no perceivable dependence on the driving rate for elastic (reversible) deformations, such as those that occur under moderate repetitive compression. Increasing the shearing rate leads to an increase in the strength of the force network and stress fluctuations. Qualitatively, this behaviour resembles the changes associated with an increase in density. Increases in the shearing rate also lead to qualitative changes in the distributions of stress build-up and relaxation events. If shearing is suddenly stopped, stress relaxations occur with a logarithmic functional form over long timescales. This slow collective relaxation of the stress network provides a mechanism for rate-dependent strengthening.
Slow granular flows are typically described in the context of Mohr-Coulomb friction models 2 that resemble those used for describing friction between two solid bodies 16 . In the well-known solid friction scheme 17, 18 , an object on a frictional surface will resist a force and remain at rest, provided that the magnitude of the tangential force is less than the product of a static friction coefficient and the normal force. This picture was translated into the granular context (for dense granular systems characterized by networks of force chains 19 ) by Coulomb 20 and more recent authors 1, 2 . In this context the normal and tangential forces are replaced by corresponding normal and shear stresses, and the surface of interaction is replaced by a plane within the material. For large enough tangential force relative to the normal force sliding friction (failure in a granular material) occurs. In these pictures, sliding friction (deformation following failure) is independent of the speed of sliding (the shear rate).
In reality, experiments in diverse contexts have shown that solid friction exhibits a logarithmic dependence on rate and that static frictional contacts strengthen logarithmically with age. These experiments span a vast range of lengths, and include studies at the atomic 15 , laboratory 7, 8, [12] [13] [14] and geological scale [9] [10] [11] . Recent experiments 6 using granular materials sliding against the interior wall of a piston showed a clear rate dependence that was associated with ageing effects of individual solid-friction contacts and with the force network. Experiments 7, 8 in which a solid rough surface was pushed across a granular bed showed a slow strengthening (or ageing) with time of the (quasi-static) force, and creep before slip events. Other experiments 11 have found strengthening due to ageing for granular samples under large compressions. In the present experiments, which consider the grains and the force network, we show that there is a logarithmic rate-dependence in slowly sheared granular materials that is associated with irreversible rearrangements of the force network within the material itself. This is manifested as a strengthening with rate.
The experiments described here were carried out with a twodimensional realization of a granular system. The particles were made of a photoelastic material, and were either relatively thin disks or flat particles with a pentagonal cross-section. By using a photoelastic material, we could determine forces at the grain scale. More detailed descriptions of the experimental apparatus and methods letters to nature have been given elsewhere for related experiments 19, 22, 23 , and here we provide only essential information for two qualitatively different experiments. In the first of these two experiments, the photoelastic particles were sheared in an annular geometry ( Fig. 2 inset) that was bounded on the inside by a rough wheel, the source of shearing, and on the outside by an equally rough static ring. The particles sat on a horizontal, flat powder-lubricated Perspex sheet, and were contained from above by a similar sheet. This assembly was placed in a polariscope consisting of a pair of right and left circular polarizers, a light source and a video camera. Photoelastic images (effective shutter speed 10 22 s) were obtained at rates up to 15 Hz, captured by a frame-grabber, and processed in real time to determine the forces on the particles within the field of view of the camera (,200 particles). We computed the force on each particle in each frame and summed over all particles in a frame. This integrated force was then stored for each image to produce a time series over very long sampling times, between 2 14 -2 17 points depending on the rate of shearing, Q, and for 10 to approximately 200 rotations of the shearing wheel, depending on Q. To a reasonable approximation (,10%), this quantity is proportional to the pressure, and for simplicity, we will refer to it as stress.
Important control parameters are Q (¼2p/T, where T is the period for one rotation of the shearing wheel) and the density of the system, which we give in terms of the area fraction, g, occupied by the particles. As shown previously 19, 22 , there is a critical value when g ¼ g c ; below which the force network vanishes, and we typically reference g to this value. (g c depends on properties such as the particle shape and possibly the geometry of the container.) It is also useful to give the rotation rate, f ¼ 1/T ¼ Q/2p. In these experiments they were 0.03 mHz # f # 60 mHz.
In Fig. 1 we show several examples of stress time series for values of Q ranging over about three orders of magnitude. The three images of this figure give an indication of the effect of the shearing rate; the time series for the slowest rate is clearly of lower amplitude and more intermittent than that for the highest rate.
The rate dependence is seen clearly in the mean (time-averaged) stress versus Q in Fig. 2 . These data are consistent with a logarithmic rate dependence for all values of g. Similar effects have been seen in previous experiments 6, 8, 11, 12 but with a significant difference: in the present experiments, there is a logarithmic growth of the mean stress (that is, the force network) with rate, while other experiments show a logarithmic strengthening of the friction coefficient with age and/or humidity. If we fit these data to the form j ¼ A log ½Q=Q 0 ; then the amplitude, A, is sensitive to the density, but the characteristic frequency, Q 0 , depends only weakly on g, and corresponds to a typical time of 2p/Q 0 < 30 d. However, there is no compelling reason to believe that this relation holds in the limit Q ! 0. A more realistic description may be j ¼ A log ½ðQ þ Q 1 Þ=Q 0 ; where
If a sample is sheared under steady-state conditions and the shearing wheel is abruptly stopped, the force network relaxes over very long timescales. In Fig. 3a , we show the changes that have occurred in a particular case after 10 h. In Fig. 3b we show quantitative data for the relaxation of stress versus time on a semi-log plot. Note that there are two timescales: a quicker initial decay lasting about 20-300 s and a much longer process such that the stress network may still be relaxing after 20 h. This behaviour may provide insight into the creep events observed 7 in granular friction experiments. Figure 3b shows fits to the stress decrease at long times of the form jðtÞ=jðt ¼ 0Þ ¼ B log ðt=t 0 Þ: Although the relaxation is not completely uniform in time, a logarithmic functional form is not unreasonable for many cases (after an initial rapid relaxation). Note an example of a major relaxation event in one of these runs about 350 s after the cessation of shearing: thereafter, continued slow relaxation occurred. In Fig. 3c we contrast relaxation stress data for samples prepared under uniform compression to the relaxation of initially sheared samples in Fig. 3b . In the compression experiments no relaxation is seen within experimental resolution. Figure 3 Stress relaxation in sheared and compressed systems. a, For the shear experiment, we show the initial force network (left) and the change in force network over a 10-h period (right). In the latter image, decreases and increases in the photoelastic image intensity are shown in white and black, respectively. b, Relaxation for particles that were undergoing plastic shear deformation due to shear before t ¼ 0. At t ¼ 0, the shearing wheel was stopped and maintained in a fixed position. The dashed lines are a fit to j(t )/j(t ¼ 0) ¼ B log (t /t 0 ). c, Similar stress versus time data for a collection of particles that are maintained under uniform compression. For either shear or compression experiments, the humidity varied by no more than^5%.
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We gain additional insight into the effect of rate changes by determining the distribution of build-up events (monotonic increases in stress) and release events ('avalanches'-monotonic decreases in stress). Here, there are two aspects that are of interest: the size of the build-ups and avalanches, Dj, and the angle, v, through which the shearing wheel turns during the course of a build-up or an avalanche. In Fig. 4a , we show an example of an avalanche event, and in Fig. 4b , we show distributions of Dj and v for avalanches. For near-critical g and for the slowest Q the avalanche distributions are consistent with the power laws. At higher g and Q the distributions for both build-up (not shown) and avalanche events are roughly exponentials. We note that increases in both Q and in g tend to have the same qualitative effect on the statistics of avalanches and build-ups.
To further explore the origin of this rate dependence, we have carried out a second set of experiments, using the same photoelastic techniques, in which the particles were confined to a box with three fixed sides. The sample was then compressed and released repeatedly on the fourth side by means of an oscillating piston (Fig. 5  inset) . The driving amplitude of the piston (a ¼ 0.44 cm) was chosen so that the typical piston velocity matched the corresponding velocities of the shear wheel in the first experiment. In the first set of experiments there was continuous plastic shear deformation, whereas there was none in the second set-the particles maintained their relative position. Within experimental error, there was no rate dependence of this process (Fig. 5 main figure) .
We have demonstrated that sheared granular materials exhibit a logarithmic rate dependence that is tied in an essential way to force network/particle rearrangements. The nature of this rate dependence is further illuminated by the slow relaxation that occurs when shearing is halted. These experiments in particular show that there are slow collective rearrangements of the force network that can occur over large timescales. Although the frictional micro-contacts between particles may be strengthening in time 8, 12, 16 , the force network as a whole is relaxing over very long timescales. This slow relaxation of forces is consistent with increases in stress with rate. Force chains generated by shearing cannot completely relax on the timescales over which new chains are formed, an effect that becomes stronger with increasing Q. It seems likely that this effect is related to the long timescales associated with collective rearrangements in other settings, such as compaction in granular materials 24 . For compaction, rearrangements become progressively more difficult over time, because each new rearrangement requires the involvement of larger collections of particles. Similarly, in the present experiments, relaxation events involving collections of particles become less probable over time owing to geometric constraints on the particles, to the fact that those contacts that are near failure will have slipped, and to the fact that the available elastic energy is gradually reduced with each rearrangement. An interesting question is whether similar properties could be found in other jammed systems 25 such as colloids or foams. A Figure 4 Stress "avalanches" in sheared granular materials. Here, j 0 < 4.11 N m
21
; particles were pentagons with g ¼ g c þ 0.022. a, A short segment of a time series that identifies a single avalanche, Dj and v. b, Distributions P(v) and P(jDj/j 0 j) of stress avalanches for a dense system of pentagons for several shear rates. Figure 5 Mean stress versus oscillation rate, q, for several densities for oscillatory compression. Data for both disks and pentagons are shown. The linear-logarithmic scales emphasize the fact that there is no variation of the stress with q within experimental uncertainties. j 0 < 3.83 N m 21 . Inset, sketch of piston apparatus.
